Divergence Theorem and Its Application in Charac-
terizing Fluid Flow

Let v be the velocity of flow of a fluid element and p(z,y, 2, )
be the mass density of fluid at a point (z,y, z) at time t. Thus,
a = pv represents a vector in the direction of flow with magnitude
equal to the mass flow rate per unit area. Then

qeds=(qen)dA (1)

represents the differential mass flow rate through a directed ele-
ment of surface area, i.e. do = ndA.
Let

q=gi+qj+aek (2)

Let us consider an closed differential volume element defined by
T<zr<zT+dx
y<y<y+dy
<z<z+dz

N

The surface vector at y = y can be expressed as
—jdxdz

Notice that the minus sign is used to denote the outward direction.
Thus, the differential mass flow rate outward though this surface
1s

qe [—j(dz)(dz)] = —q,dzdz (3)

Therefore, if g, in this equation is positive, the flow through this
surface is 2nto the volume element.
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On the other hand, the differential flow rate through the surface
at y =1y +dy is
0q

(dzdzj) e q(7,y + dy, 2) = (qy*-éydy)dmdz (4)

Note that the inner product on the left hand side of the above
equation results in ¢,(Z,y + dy, Z)drdz. Notice also that similar
treatment can be carried out for the other 4 faces.

The net differential outward flow rate is

dF = [(qx + a%daf) — q,| dydz
ox
] dq _
+ (qz + aqzdz) — q.| dxdy
0z ]
~ (0q.  Oqgy 8%)
= ( 9 + oy 0 dxdydz
Thus
dFF = (Veq)dV = (divq)dV (5)

This result implies that V e g at a point P represents the rate
of outward fluid flow perTunit volume across the boundary from a
differential volume associated with P.

If no mass is added (generated) or withdrawn (disappeared)
within the boundary of the differential volume dV', the mass bal-
ance can be written as

gpdv dF = (V e q)dV (6)
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or
dp B
(%—FVo(pv)—O (7)

This is the so-called equation of continuity.
For incompressible fluid, since the density is constant, the above

equation can be written as
Vev=0 (8)
It is also clear that for incompressible fluid
pVev=Veq=>0 (9)

Thus, the net outward flow rate across the boundary of the dif-
ferential volume element is zero, i.e.

dFF = (Veq)dV =0 (10)

If there is a point where mass is added to (or generated in) the
differential volume within the boundary, then

dp

ot

where, S is the rate of addition per unit volume. For incompress-
ible fluid, dp/dt = 0. Thus,

S=Veq=pVev (12)

dV = —(Veq)dV + SdV (11)

We speak of points where fluid is added to or taken from the
system as sources and sinks respectively. From equation (12), we
can see that a source is associated with positive V o v,

Now, consider a closed bounded region V of incompressible
fluid in 3-dimensional space. Suppose there are sources in each
differential volume dV in the region. Thus, for each differential
volume

SdV = dF = p(V e v)dV (13)
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is the amount of fluid introduced in dV' per unit time (i.e. LHS)
or the net outward fluid flow rate across the boundary of the
differential volume (i.e. RHS). Thus, the net generation rate of
fluid mass within the region V through sources and/or sinks is

[ L,SdV =p ][ [(Vev)dV (14)

If the total mass is conserved and the fluid is incompressible, this
fluid clearly must escape from the region V through the surface
S which bounds it. Let us use do to represent a surface element
vector and

do = ndA (15)

Thus, the outward fluid flow through the surface element is
pv e dd = pvendA (16)

The total outward flow rate through S is

pfj{s,vod&:pfyg(von)dfl (17)
where, the symbol “f §s” denotes the integration over closed sur-
face S. Equating the right hand sides of equations (14) and (17),
one obtain the Divergence Theorem, i.e.

[ ] J(Vev)dV = {{(ven)dA (18)

This theorem can be proved without referring to the physical
consideration. It can be directly established mathematically. As
long as v and its partial derivatives are continuous in }V and on S
and if S is piecewise continuous, the Divergence Theorem is always
valid.

In a space region V,
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1. V x F =0 (everywhere) implies that
j{C Fedr=20

In other words, the net circulation of F around a closed curve
C in V is zero.

2. V o F = 0 (everywhere) implies that

§J.Feds=0

In other words, the net flux of F' through a closed surface &
in V is zero.

Green’s Theorem and Its Application in Characteriz-
ing Heat Conduction

Let vi = ©1 Vo and substitute into the Divergence Theorem:

///v Ve VpdV = f}% nep VyydA (19)
By making use of the identity

Vepu=¢Veu+ueVo

the following First Form of Green’s Theorem can be obtained:

///v (golvzgog + Ve Vgpg) dV = ff[is (nep;Viy)dA
(20)
Let vo = 9V and substitute into the Divergence Theorem
again. Subtracting the resulting equation from equation (20), one
can derive the Second Form of Green’s Theorem, i.e.,

[ ] (01970 — 02V701) dV = § fne (01 Vo, — 02Vip1) dA
(21)
The following special cases of the Green’s Theorem can also be

derived form the two original forms:
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Loyr=pr=¢p
The first form becomes

[ [ eV + (Vel|dV = § fipmeVp)dA  (22)
Notice that n e V¢ represents the derivative of ¢ in the di-

rection of n and n is the outward normal vector at the given
point on S, i.e.

Jp

on =nevVy

Thus,
[1he¥% + (Fof|av = f (¢5r)da @3

2. o1 = and g =1
The second form becomes

[} (Fe)av = fnevelaa=f f(5F) s

(24)

Let us consider the heat flow in a region in space such that the
temperature T = T'(x,y, z,t). For any region V' bounded by a
closed surface S, the rate at which heat is absorbed by a volume

element dV is 97
dQ1 = pCy adV (25)

If there is no sources or sinks in V, the net rate of heat flow into

Vis o7
Q=114 (o055 ) v (26)

Consider the outward heat flow rate from ) across a surface ele-
ment on S, i.e.

—dQ, = —kgTdA = —k(VT en)dA (27)
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Thus, the net heat flow rate into V is
= ¢ §k(VT en)dA (28)

Since (1 = ()9, one can obtain

///V(pcp )dV fk(VTen)dA (29

According to the special case 2 of Green’s Theorem, the RHS of
the above equation can be substituted by

§§k (VT en)dA= [ [ [ kV*TdV (30)
Thus,
/L (p V2T> dV =0 (31)
oT 5
where,
Lk
pCy
At steady state, 9T /0t = 0. Thus,
VT =0 (33)

This is the so-called Laplace equation. Let us consider two types
of boundary conditions:

e (i) T is prescribed on S;

k(‘?T

e (ii) The outward heat flow rate — is prescribed on S.

The uniqueness of solution to the Laplace equation can be de-
termined with Green’s Theorem. The analysis is given in the
sequel:



Case (i): Dirichlet Problem

From special case 1 of the Green’s Theorem, one can obtain

[ [ [TV°T+ (VT)?|dv = § ;{9( aT) dA  (34)

By substituting the Laplace equation, we can obtain

[ [ (VT dv = § f (ng;) dA (35)

Let us next assume two solutions exist, i.e. V?T} = 0 and
V2T, = 0, then V3(Ty — Ty) = 0. Thus, 77 — T is also a
solution. Substituting (75 — 71) into equation (35) yields the
following result:

[ h V(T = TP dv = f s |(

o(Ty, — Ty)

(T2 — 1) on

|aa=o

(36)
This is due to the fact that temperature is prescribed on S. As a
result,
V(Ty, —Ti) =0 (37)
Thus, Ty — T} is constant in V. However,since 77 =Toon S C V,
one can conclude that T} = T5 in V), i.e., the solution of Laplace
equation is unique if temperature is prescribed on boundary sur-
face.

Case (ii): Neumann Problem

The 2nd special case of Green’s Theorem and Laplace equation
can be used to produce the following equation:

[Ih(eT)av = (5, )aa=0 @
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Thus, we can conclude that the net flow across boundary & must
be zero. This is obvious for steady state heat flow without sources
and/or sinks. In other words, 9T /On cannot be prescribed arbi-
trarily. Its mean value on S must be zero.

Let us again assume that 17 and 15 are two distinct solutions
of the Laplace equation. Then it can be shown as before that
Ty, — T is also a solution. Substituting 75 — T} into equation (35)
yields

[ LIV =TV = § § (T - Inm%%TﬂdAo
(39)
This is due to the fact that the outward heat flow rate —kg—g is
prescribed on S, i.e.

oIy 0Ty
on  On

However, an arbitrary constant C' must be included in the general

solution in this case, i.e.

T,—T =C (40)

Circulation

Suppose that the motion of a fluid element is simply a rotation
about a given axis in space. Thus,

V=G XTr (41)

Vev=divv=Ve(Jxr)
=re(Vxw)—Je(Vxr)=0 (42)



This is due to the fact that @& is a constant vector and

Vx(xi+yj+zk)=0

In addition,
Vxv=curlv=V X (dXr)

=dJ(Ver)— (JdeV)r =20 (43)

Notice that Ver =3 and (Je V)r = .
Thus, if a fluid element experiences pure rotation

Vev=0 (44)

V X v=2J (45)

If a fluid is irrotational and incompressible without sources and
sinks,

Vev=0 (46)

Vxv=0 (47)

Since V X v = 0, it implies that the existence of a potential ¢
such that

Vop=v (48)
Thus,
Vev=VeVp=Vp=0 (49)

This is the so-called Laplace Equation! Generally speaking, in any
continuously differentiable vector field F with zero divergence and
curl in a simple region, the vector is the gradient of a solution of
the Laplace equation.
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